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Abstract
We develop a type of Kaluza-Klein formalism in (4 + 4)-dimensions. In the framework of this
formalism we obtain a new kind of Schwarzschild metric solutions that via Kruskal-Szequeres can be
interpreted as mirror black and white holes. We found that this new type of mirror black and white
holes solutions in (3+1)-dimensions support the idea that the original space-time can be extended
to (4 + 4)-signature. Using octonions, we also discus linearized gravity in (4 + 4)-dimensions.
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I. INTRODUCTION
There has already been considered Kaluza-Klein type theories for non-compact spacetime
[1–3] with interesting results in inflationary and cosmological models [4–14]. In this article
we are interested in deriving a Kaluza-Klein type theory for a spacetime of four time and
four space dimensions ((4 + 4)-dimensions). Our formalism is based on the analogue of the
approach of Refs [15–19].
There are at least three physical motivations for considering (4 + 4)-dimensions emerging
from different sources. First, considering the splitting of the form (4 + 4) = (3 + 1) +
(1 + 3) one may ask if an electron lives in the (1+3)-world one wonders one could be the
corresponding mirro electron in (3 + 1)-dimensions. In Ref. [20] it was shown that massless
Majorana-Wely spinor satisfying the Dirac equation in (4 + 4)-dimensions can be identified
with a massive complex spinor in (1 + 3)-dimensions. This means that a Majorana-Weyl
massless fermion in (4 + 4)-dimensions can be seen as an electron in (1 + 3)-dimensions.
Second, it is interesting that in (4 + 4)-dimensions one may consider the chain of maximal
embeddings and branches,
so(4, 4) ⊃ s(2, R)⊕ so(2, 3) ⊃ so(1, 1)⊕ sl(2, R)⊕ sl(2, 2).
Finally, if one makes the question why at the macroscopic level our world is (1 + 3)-
dimensional? Surprisingly until now there is not a satisfactory answer. Any answer needs
to explain the asymmetry between time and space in the (1 + 3)-world. In this sense it
seems to us interesting to start with the more symmetric (4+4)-world model and to explore
its gravitational consequences.
On the other hand, it is well known that the Kruskal–Szekeres coordinates give an al-
ternative description of the event horizon of black-holes [21, 22]. Traditionally, one starts
with the Schwarzschild metric described by the coordinates t, r and the angular coordinates
θ and φ associated with a unit sphere and after several algebraic steps one computes the
Kruskal–Szekeres coordinates T and X which become functions of t and r. The key result of
this process is that while the Schwarzschild metric is singular at the horizon r = 2GM = rs
the Kruskal–Szekeres metric is not. However, the final transformations between the coordi-
nates t, r and T and X seems to be, in a sense, intriguing because instead of describing only
two regions (2-region) as in the case of Schwarzschild black-holes (interior and exterior) one
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ends up with four regions (4-region) in the Kruskal–Szekeres black-hole (see Refs. [23] and
[24] for details).
In an effort of having a better understanding of the above intriguing result of 2-region
and 4-region we discover that one may start with a more general Kruskal–Szekeres trans-
formation between t, r and T , X which turns out that describe no only previous 4-region
but surprisingly a total of 8-region. This, of course, it may be interpreted as an extra
complication. However, in this work we show that such a 8-region transformation suggests
that the (1 + 3)-signature of the original space-time can be extended to (4 + 4)-signature.
It turns out that the (4 + 4)-signature can be splitted as (4 + 4) = (1 + 3) + (3 + 1), given
the original (1+3)-signature and a some kind of mirror (3+1)-signature. But it has been a
subject of much interest to consider invariant theories of reversal signatures transfomation
such as (1+3)⇆ (3+1) [25]. Moreover, one may ask: assuming that one has a black-hole in
(1+3)-dimensions what could be the corresponding mirror black hole in (3+1)-dimensions?
Thus, we argue that our extended Kruskal–Szekeres coordinates suggest that instead of
thinking the (4 + 4)-world as an exotic space-time it may considered as a more interesting
scenario in which one has not only the ordinary black-holes in (1+3)-dimensions but a new
type of mirror-black-hole in (3 + 1)-dimensions.
It is worth mentioning that using a reversal signature a relation between (3 + 1) and
(1 + 3) signatures has already been investigated in the context of string theory [25, 26] .
Secondly, in (4 + 4)-dimensions there exist Majorana-Weyl spinors [27–32]. Another source
of physical interest emerges from the fact that the (4 + 4)-dimensional theory may be
obtained from dimensional reduction of a (5 + 5)-dimensional theory which originates from
the so-called M´-theory [33, 34] (see also Refs. [35–39]) which is defined in (5+6)-dimensions.
In fact, upon space-like compactification the (5 + 6)-dimensional theory leads to one Type
II A´ and two Type II B´ string theories which ”live” in (5 + 5)-dimensions [38]. Further,
we believe that our work may be useful in several physical scenarios. In particular, since
the (4 + 4)-world contains the same number of times and space coordinates one has a more
symmetric scenario for considering quantum and topological frameworks.
Technically our work is organized as follows. In section I we give a brief introduction. In
section II we develop a new kind of Kaluza-Klein theory in (4+4)-dimensions. In section III,
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we propose the extended Kruskal-Szekeres coordinates. In section IV we interpret the new
solutions as mirror black and white holes, thus making clear the necessity of a (4+4)-space-
time structure to have a unified description of both kind of solutions, within the same single
gravitational framework. In section V, as another non-trivial application of our formalism,
we describe a linealized gravity in (4+4)-dimensions. Finally in section VI, we give some
final remarks.
II. THE KALUZA-KLEIN TYPE FORMALISM
As it is usually done in the light of Kaluza-Klein theories, our starting point is the metric
ansatz
γAB(x
C) =

 gµν + AiµAjνgij Ajµgij + gµνBνi
Akνgkj + gνµB
µ
j gij +B
µ
i B
ν
j gµν

 , (1)
where xA = xA(xλ, xi), gµν = gµν(x
λ) and gij = gij(x
k) are the metrics associated with the
(1+3)-dimensional world ((1+3)-world) and the (3+1)-dimensional world ((3+1)-world),
respectively. The fields Aiµ = A
i
µ(x
α) and Bµj = B
µ
j (x
k) are a type of gauge fields associated
with the (1 + 3)-world and (3 + 1)-world respectively.
Now, if we assume that the gauge fields Aiµ and B
µ
i obey
AiµB
µ
j = 0, (2)
and
AiµB
ν
i = 0, (3)
then we find that the inverse γAB of the original metric γAB is given by
γAB(xλ, xi) =

 gµν +Bµi Bνj gij −gµνAiν − gijBµj
−gναAiα − gjjBνj gij + AiµAjνgµν

 . (4)
Note that our assumptions (2) and (3) can be interpreted in some sense that we are requiring
that the gauge fields Aiµ and B
µ
i are orthogonal.
With the help of (1) it can be easily seen that the differential line element in the (4+ 4)-
space can be written as
ds2 = (dxµ +Bµi dx
i)(dxν +Bνj dx
j)gµν + (dx
i + Aiµdx
µ)(dxj + Ajνdx
ν)gij. (5)
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Thus, it follows that the basis 1-forms ωµ and ωi read
ωµ = dxµ +Bµi dx
i, (6)
and
ωi = dxi + Aiνdx
ν . (7)
Therefore, employing (6) and (7) the equation (5) becomes
ds2 = ωµωνgµν + ω
iωjgij . (8)
Now, using (2) and (3), it is obtained from (6) and (7) that the dual basis can be written
as
Dµ = ∂µ −Aiµ∂i (9)
and
Di = ∂i −Bµi ∂µ. (10)
Of course, it is not difficult to see that the both derivatives Dµ and Di, can be interpreted
as covariant derivatives with connections Aiµ and B
µ
i , respectively.
Let us now analize the anzats (1) from another point of view. If we write the metric γAB in
terms of a the vielbien field E
(C)
A and the flat metric η(CD) = diag(−1, 1, 1, 1, 1,−1,−1,−1)
in the form
γAB = E
(C)
A E
(D)
B η(CD), (11)
then we can split (11) as
γµν = e
(α)
µ e
(β)
ν η(aβ) + e
(c)
µ e
(d)
ν η(cd)
γµi = e
(α)
µ e
(β)
i η(aβ) + e
(c)
µ e
(d)
i η(cd)
γij = e
(α)
i e
(β)
j η(aβ) + e
(c)
i e
(d)
j η(cd).
(12)
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Thus, making the identifications e
(α)
µ ≡ E(α)µ , e(c)i ≡ E(c)i , gµν = e(α)µ e(β)ν η(aβ), gij =
e
(c)
i e
(d)
j η(cd), A
i
µ = e
i
(c)A
(c)
µ and B
µ
i = e
µ
(α)B
(α)
i from (12) we can obtain (1).
Now, let us assume that the commutators of e
(α)
µ and e
(c)
i are given by
[e(α)µ , e
(β)
µ ] = C
(αβ)
(γ) e
(γ)
µ , (13)
[e(α)µ , e
(c)
i ] = 0 (14)
[e
(c)
i , e
(d)
i ] = C
(cd)
(e) e
(e)
i , (15)
where C
(αβ)
(γ) and C
(cd)
(e) are structure constants associated with the (1 + 3)-world and the
(3 + 1)-world, respectively. Thus, it is not difficult to see that (9) and (10) can now be
written as
Dµ = ∂µ −A(c)µ ei(c)∂i (16)
and
Di = ∂i −B(α)i eµ(α)∂µ, (17)
being eµ(α) and e
i
(c) the inverse of e
(α)
µ and e
(c)
i , respectively. Therefore, using (13)-(17) it is
straigthforward to see that the commutator of Dµ and Di leads to
[Dµ, Dν ] = −F (c)µν ei(c)∂i, (18)
[Dµ, Di] = 0 (19)
[Di, Dj ] = −G(α)ij eµ(α)∂µ, (20)
where
F (c)µν = ∂µA
(c)
ν − ∂νA(c)µ + C(c)(ed)A(e)µ A(d)ν (21)
and
G
(α)
ij = ∂iB
(α)
j − ∂jB(α)i + C(a)(γσ)B(γ)i B(σ)j (22)
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are the corresponding field strengths.
In a non-coordinate basis the metric γAB → γˆAB becomes
γˆAB(x
C) =

 gµν 0
0 gij

 (23)
while the connection ΓABC results to be
ΓABC =
1
2
(DC γˆAB +DB γˆAC −DAγˆBC) + 1
2
(CABC + CABC − CBCA), (24)
Here, DA is the covariant derivative associated with γˆAB. In this manner, since Cµνα = 0
and γˆµν = gµν we find that
Γµνα =
1
2
(gµν,α + gµα,ν − gνα,µ) = {µνα}. (25)
Similarly, because Cµν(α) = −Fµν(c), Cij(α) = −Gij(α) we arrive to the expressions
Γµν(c) = −Fµν(c) (26)
Γij(α) = −Gij(α). (27)
Finally, since Cijk = 0 and γˆij = gij we obtain that
Γijk =
1
2
(gij,k + gik,j − gjk,i) = {ijk}. (28)
Now, employing the formulae for the non-coordinate components of the Riemann tensor
RABCD = ∂CΓABD − ∂DΓABC + ΓAECΓEBD − ΓAEDΓEBC − ΓABECECD, (29)
we can calculate the scalar curvature R = γBDRABAD. With this idea in mind, straightfor-
ward computations lead to
R = Rˆ + R˜ + 1
2
F µνiF jµνgij +
1
2
GijµGνijgµν . (30)
So, we can define the Einstein-Hilbert action in the form
S =
∫
dx(4+4)
√
γR = S1 + S2, (31)
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where the action corresponding for the (1 + 3)-space is
S1 = a
∫
dx(1+3)
√
−gˆ(Rˆ + 1
2
F µνiF jµν g˜
0
ij), (32)
while for the (3 + 1) we have
S2 = b
∫
dx(3+1)
√
−g˜(R˜ + 1
2
GijµGνij gˆ
0
µν). (33)
In here, a and b are volume constants and gˆ and g˜ denote the determinant of gµν and gij,
respectively. Besides Rˆ is the scalar curvature associated with gµν , while R˜ is the scalar
curvature associated with gij. Moreover, we defined the quantities g˜
0
ij =
1
a
∫
dx(3+1)gij and
gˆ0µν =
1
b
∫
dx(1+3)gµν . An interesting feature is that it seems that S1 admits an intepretation
of a gravitational-Yang-Mills theory in a (1 + 3)-world, with g˜0ij as a metric in a group
manifold. Similarly, S2 admits an intepretation of a gravitational-Yang-Mills theory in a
(3 + 1)-world, with g˜0ij as a metric in a group manifold.
Until this point, in order to motivate the subject we have focused in a (4 + 4)-world.
However, our calculations are also valid for any (n+n)-world. Now, to derive an application
of the formalism, we will study solutions of the field equations static and with spherical
symmetry. This can be done in the simplest way; considering the gauge fields Bµi and A
i
α
null. Hence, the line element (5) acquires the form
ds2(4+4) = gµν(x
α)dxµdxν + gij(x
k)dxidxj , (34)
where greek indices from now on run from 0 to 3 and represent the coordinates of the (1+3)
space-time, whereas the capital latin indices run from 4 to 7 and denote the coordinates of
the (3 + 1) space-time. Note that both spaces are of complementary signature. Hence, the
Levi-Civita connection can be splitted up into
(4+4)ΓABD =

 (1+3)Γλαβ 0
0 (3+1)Γikl

 . (35)
Consequently, according to the action (31) the Einstein field equations in vacuum lead to
(4+4)RAB = 0 and consequently one obtains
Rµν = 0,
Rij = 0.
(36)
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In what follows we shall show that this splitting no necessarily is a trivial case.
III. THE EXTENDED KRUSKAL-SZEKERES COORDINATES
Now, in order to study spherically symmetric solutions of (36), we introduce the (4 + 4)
line element having the spherical symmetry as
ds2(4+4) = −e2f(r)dr2 + e2h(r)dr2 + r2dΩ2 + e2F (r˜)dt˜2 − e2H(r˜)dr˜2 − r˜2dΩ˜2, (37)
where (t, r, θ, φ) are the (1 + 3)-coordinates, (t˜, r˜, θ˜, φ˜) are denoting the (3 + 1)-coordinates,
dΩ2 = dθ2 + sin2θdφ2 and dΩ˜2 = dθ˜2 + sin2θ˜dφ˜2.
It follows from (36) and (37) that the Schwarzschild metric solution for a (4 + 4)-black hole
reads
ds2 = −
(
1− rs
r
)
dt2 +
dr2
1− rs
r
+ r2dΩ2 +
(
1− rs
r˜
)
dt˜2 − dr˜
2
1− rs
r˜
− r˜2dΩ˜2, (38)
where rs = 2GM is the Schwarszchild radius, M is associated with the mass of the black
hole and (r, θ, φ) are the spherical polar coordinates ( In here we are using units such that
the light velocity c = 1). The solution corresponding to a (1+3)-signature then is given by
ds2 = −
(
1− rs
r
)
dt2 +
dr2
1− rs
r
+ r2dΩ2. (39)
Now, we introduce the extended Kruskal–Szekeres coordinates in the form
X = ǫ
[
η
(
r
rs
− 1
)]1/2
e
r
2rs cosh
(
t
2Rs
)
,
T = ǫ
[
η
(
r
rs
− 1
)]1/2
e
r
2rs sinh
(
t
2Rs
)
,
(40)
where the new quantities ǫ and η are parameters taking values in the set {±1}. Using the
coordinate transformations (40) one obtains the expression
X2 − T 2 = η
(
r
rs
− 1
)
e
r
rs (41)
and using the line element (39) we arrive to
4r3s
r
e−
r
rs
(−dT 2 + dX2) = η
[
−
(
1− rs
r
)
dt2 +
dr2
1− rs
r
]
. (42)
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Similarly, if we now write the extended Kruskal–Szekeres coordinates in the alternative
form
X = ǫ
[
η
(
r
Rs
− 1
)]1/2
e
r
2Rs sinh
(
t
2Rs
)
,
T = ǫ
[
η
(
r
Rs
− 1
)]1/2
e
r
2Rs cosh
(
t
2Rs
)
,
(43)
it is not difficult to show that the analogous of (41) reads
T 2 −X2 = η
(
r
rs
− 1
)
e
r
2rs (44)
and considering the line element (39) we get the expression
4r3s
r
e−
r
rs
(−dT 2 + dX2) = η
[(
1− rs
r
)
dt2 − dr
2
1− rs
r
]
. (45)
Notice that the equations (40) and (43) contain the both cases: ǫ = ±1 and η = ±1.
This means that we have 8 different ways of defining Kruskal–Szekeres coordinates, every
case valid on different regions of the space-time. We shall denote these cases as a 8-region
approach.
Let us consider first the case η = +1. Then (40) and (43) leads to the Kruskal–Szekeres
coordinates
X = ǫ
[(
r
rs
− 1
)]1/2
e
r
2rs cosh
(
t
2Rs
)
,
T = ǫ
[(
r
rs
− 1
)]1/2
e
r
2rs sinh
(
t
2Rs
)
,
(46)
and
X = ǫ
[(
r
rs
− 1
)]1/2
e
r
2Rs sinh
(
t
2Rs
)
,
T = ǫ
[(
r
rs
− 1
)]1/2
e
r
2Rs cosh
(
t
2Rs
)
,
(47)
respectively. These transformations corresponds to values of r such that r > rs.
While if we consider η = −1 in (40) and (43) the corresponding Kruskal-Szekeres coordi-
nates are given by
10
X = ǫ
[
−
(
r
rs
− 1
)]1/2
e
r
2rs cosh
(
t
2Rs
)
,
T = ǫ
[
−
(
r
rs
− 1
)]1/2
e
r
2rs sinh
(
t
2Rs
)
,
(48)
and
X = ǫ
[
−
(
r
rs
− 1
)]1/2
e
r
2Rs sinh
(
t
2Rs
)
,
T = ǫ
[
−
(
r
rs
− 1
)]1/2
e
r
2Rs cosh
(
t
2Rs
)
,
(49)
respectively. Now these transformations correspond to values of the radius r such that
rs < r.
If we now regard ǫ = +1 it is easy to see that (46)-(49) yield
X =
[(
r
rs
− 1
)]1/2
e
r
2rs cosh
(
t
2Rs
)
,
T =
[(
r
rs
− 1
)]1/2
e
r
2rs sinh
(
t
2Rs
)
,
(50)
X =
[(
r
rs
− 1
)]1/2
e
r
2Rs sinh
(
t
2Rs
)
,
T =
[(
r
rs
− 1
)]1/2
e
r
2Rs cosh
(
t
2Rs
)
,
(51)
X =
[
−
(
r
rs
− 1
)]1/2
e
r
2rs cosh
(
t
2Rs
)
,
T =
[
−
(
r
rs
− 1
)]1/2
e
r
2rs sinh
(
t
2Rs
)
,
(52)
X =
[
−
(
r
rs
− 1
)]1/2
e
r
2Rs sinh
(
t
2Rs
)
,
T =
[
−
(
r
rs
− 1
)]1/2
e
r
2Rs cosh
(
t
2Rs
)
,
(53)
respectively. While if in (46)-(49) we choose ǫ = −1 we obtain
X = −
[(
r
rs
− 1
)]1/2
e
r
2rs cosh
(
t
2Rs
)
,
T = −
[(
r
rs
− 1
)]1/2
e
r
2rs sinh
(
t
2Rs
)
,
(54)
11
X = −
[(
r
rs
− 1
)]1/2
e
r
2Rs sinh
(
t
2Rs
)
,
T = −
[(
r
rs
− 1
)]1/2
e
r
2Rs cosh
(
t
2Rs
)
,
(55)
X = −
[
−
(
r
rs
− 1
)]1/2
e
r
2rs cosh
(
t
2Rs
)
,
T = −
[
−
(
r
rs
− 1
)]1/2
e
r
2rs sinh
(
t
2Rs
)
,
(56)
X = −
[
−
(
r
rs
− 1
)]1/2
e
r
2Rs sinh
(
t
2Rs
)
,
T = −
[
−
(
r
rs
− 1
)]1/2
e
r
2Rs cosh
(
t
2Rs
)
.
(57)
Considering all eight transformations (50)-(57) an 8-region spacetime structure is ob-
tained. In the four expressions (50), (53), (54) and (57) we recognize the traditionally
4-region spacetime described for instance in the Ref. [23]. What seems to be new are the
transformations (51),(52), (55) and (56). These give another 4-region. So if one add the
traditional and the new 4-region one gets a 8-region space-time structure. However, one
may ask: What are the key result that distinguish these two 4-regions?. In the following
section we shall show that the traditional 4-region can be associated with a space-time of
(1 + 3)-signature, while the new 4-region must be associated with a (3 + 1)-signature. Our
final conclusion will be that the 8-region Kruskal–Szekeres transformation corresponds to a
world with (4 + 4)-signature.
IV. (4+4)-SPACE-TIME STRUCTURE AND MIRROR BLACK AND WHITE
HOLES
In order to obtain information about the physical and geometrical meaning of the new
4-region we proceed as follows.
First, it is important to note that in all the process of the Kruskal–Szekeres transforma-
tions the angular part of (39), which is given by
ds2(2) ≡ r2(dθ2 + sin2θdφ2) (58)
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has not been considered. In fact, the traditional Kruskal–Szekeres method focus only in the
first part of (39), namely
ds2(1) ≡ −(1 −
rs
r
)dt2 +
dr2
1− rs
r
. (59)
Of course, it is not difficult to see that when r → ∞, the equations (58) and (59) lead to
a flat world of (1 + 3)-signature. It turns out that the 4-region transformations (50), (53),
(54) and (57) are compatible with the (1 + 3)-signature when we set η = +1 in (42) and
η = −1 in (45).
On the other hand, the angular part for the (3+1)-part of the metric (38) is given by
dl2(2) ≡ −r2(dθ2 + sin2θdφ2), (60)
while its radial part reads
dl2(1) ≡ −
[
−
(
1− rs
r
)
dt2 +
dr2
1− rs
r
]
. (61)
Thus, it seems evident from (60) and (61) that when r →∞ a flat world of (3+1)-signature
is obtained. Something remarkable is that the transformations (51),(52), (55) and (56) can
be made compatible with (60) and (61) if we substitute η = −1 in (42) and η = +1 in the
expression (45). Hence, in order to distinguish the black-hole solution (60) and (61) from
the usual one we shall call it mirror-black-hole. This name can be justified because while
ordinary black-holes live in (1 + 3)-dimensions the mirror-black-hole lives in a mirror world
of (3 + 1)-dimensions.
Let us now analyze, from the perspective of Kruskal–Szekeres coordinates, geometrical
implications when r = 0 in both cases: black and mirror-black holes. Observe first that
when r = 0 the equations (41) and (44) lead to
X2 − T 2 = −η, (62)
and
T 2 −X2 = η, (63)
respectively. In the traditional steps of Kruskal–Szekeres coordinates the transformations
(51),(52), (55) and (56) are considered in such a way that in (62) and (63) the value η = +1
13
is taken. It is evident that in this case the two expressions (62) and (63) lead to exactly the
same equation, namely
T 2 −X2 = +1. (64)
Of course, this expression corresponds to an hyperbola in the plane X and T . The branch
of this hyperbola in the positive values of T is identified with the true singularity of the
black-hole. The other branch of the hyperbola for negative values of T is associated with
the singularity of a possible white hole. On the other hand if in the equations (62) and (63)
we use η = −1 and considering the transformations (51), (52), (55) and (56), we obtain that
instead of (64) we have now the formula
T 2 −X2 = −1. (65)
It is easy to verify that hyperbola in this case will correspond to positive and negative values
of X . This means that we shall have not only a singularity associated with the mirror-black-
hole but also to a kind of mirror-white-hole. Hence we have mirror black and white holes in
a (3 + 1)-signature space-time, which from a global point of view we can interpret that in
order to describe black/white and mirror black/white holes in a single gravitational setting,
a theory with a (4+4)-space-time structure would be necessary.
V. LINEARIZED GRAVITY IN (4+4)-DIMENSIONS.
Another non-trivial aspect of general relativity in (4 + 4)-dimensions emerges from lin-
earized gravity. It turns out that in the year 2003, Nishino and Rajpoot [40] presented a
self-dual N = (1,0) supergravity in Euclidean 8-dimensions. Their method consisted in con-
sidering the self-duality concept of the curvature in terms of a four-form octonion structure
constants ηABCD. This motivates to consider the Rarita-Schwinger field equation in eight
dimensions
ηABCDγB∂CΨD = 0, (66)
in completely analogy to the case of four dimensions
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ǫµνσαγν∂σΨα = 0. (67)
On the other hand, a classical description of (67)
Sαµ = ǫ
τσα
µ θτpσ = 0. (68)
in terms of anticommuting Grassmann variables θτ leads to the remarkable result that S
α
µ
can be undertood as the square root of linearized gravity, in the sense that
{
Sαµ , S
β
ν
}
= Hαβµν , (69)
where
Hαβµν = −δαµδβν pλpλ − ηαβpµpν + δαµpνpβ + δαµpνpβ
−ηµνpαpβ + ηµνηαβpλpλ.
(70)
corresponds to first class constraint associated with linearized gravity (see Ref. [41] for
details). Of course, this result is inspired in the supersymmetric 1
2
-spin formalism. In this
case the Dirac equation
(γµpˆµ +m)ψ = 0 (71)
is considered as a first class constraint
S = θµpµ +m ≈ 0 (72)
and in this way one proves the relation
{S, S} = H, (73)
meaning that S is the square root of the constraint
H = pµpµ +m
2 ≈ 0. (74)
Of course, at the quantum level this constraint can be associated with the Klein-Gordon
equation
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(pˆµpˆµ +m
2)ϕ = 0. (75)
One of our motivation is to see whether one can follow similar steps to the case of the
gravitino field equation (66). For this purpose in analogy to (68) let us associate to (66) the
constraint
SEA = η EDFA θDpF ≈ 0. (76)
Our goal is to determine
{SEA ,SFB} = HEFAB . (77)
First one observe that
HEFAB = η GHEA pHη QFBG pQ. (78)
This expression can be rewritten as
HEFAB = ηARηFPηERHGηPBQGpHpQ. (79)
Now, it is known that the octonionic structure constants ηABCD satifies [42]-[43],
ηABCDηEFGD = δ
ABC
EFG + Σ
ABC
EFG, (80)
where ΣABCEFG is given by
ΣABCEFG = η
AB
EF δ
C
G + η
BC
EF δ
A
G + η
CA
EF δ
B
G
ηABFGδ
C
E + η
BC
FGδ
A
R + η
CA
FGδ
B
E
ηABGEδ
C
F + η
BC
GEδ
A
F + η
CA
GEδ
B
F .
(81)
Hence, substituting (80) and (81) into (79) yields
HEFAB = HEFAB + ΩEFAB . (82)
Here HEFAB has exatly the same form than (70) but in eight dimensions and Ω
EF
AB is given by
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ΩEFAB = ηAQη
FRΣEQGRBHpGp
H , (83)
which in virtue of (81) leads to
ΩEFAB = −ηEF ABpQpQ − ηFABDpDpE + ηEFDpDpA
+ηEABDp
DpF − ηEFADpDpB.
(84)
Observe that
ΩEFAB = −ΩFEAB = −ΩEFBA. (85)
Thus, since HEFAB is obtained from the Riemann tensor we see that the result (85) implies
a non-trivial additional term ΩEFAB in the Einstein field equations.
VI. FINAL REMARKS
In this work we have introduced a new type of (4 + 4)-Kaluza-Klein theory of gravity.
As an application of the theory we have studied spherically symmetric solutions in va-
cuum, in the particular case where the gauge fields Aiα and B
µ
i are null. Hence, considering
generalized Kruskal-Szekeres coordinate transformations, we obtain two 4-regions represen-
ting black/white hole solutions in a (1+3)-space-time signature and mirror black/white hole
solutions in a (3+1)-space-time signature, respectively.
The present developments clearly point towards a more general theory which combines
black/white-holes and mirror-balck/white-holes. Since the corresponding signatures are (1+
3) and (3 + 1) the natural choice for such a generalized theory seems to be a framework in
(4 + 4)-dimensions. This is in part due to the fact that the interesting splitting (4 + 4) =
(1 + 3) + (3 + 1) is valid. Surprisingly, the (4 + 4)-dimensional theory can be understood as
a particular case of the so called double field theories [39]. It may be interesting for further
research to explore this possible connection.
Moreover, in Ref. [20] it was shown that the Dirac equation in (4 + 4)-dimensions leads
to the surprising result that a complex spinor associated with 1
2
-spinor in (1+3)-dimensions
can be understood as a Majorana-Weyl spinor in (4 + 4)-dimensions. So, one would expect
that the Majorana-Weyl vector-spinor ΨD of the Rarita-Schwinger field equation in (4+ 4)-
dimensions (66) can be associated with a complex spinor vector-spinor in (1+3)-dimensions.
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Furthermore, using Cayley hyperdeterminant it was shown that there exist black-hole/qubit
correspondence in (4+4)-dimensions [44], which in turn can be linked to oriented matroid
theory (see Refs [45]-[48] and references therein). Finally, it is worth mentioning that an
Ashtekar formalism in eight dimensions has been developed in Ref. [49]. Therefore, one
may expect for a further work may emerge when the present formalism of general relativity
in (4 + 4)-dimensions becomes connected with such fascinating developments.
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